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INDECOMPOSABLE GENERALIZED COHEN-MACAULAY MODULES

MIHAI CIPU, JURGEN HERZOG, AND DORIN POPESCU

ABSTRACT. The aim of this paper is to study the indecomposable modules which
are Cohen-Macaulay on the punctured spectrum of a local ring, and to describe
some of their invariants such as their local cohomology groups and ranks. One
of our main concerns is to find indecomposable quasi-Buchsbaum modules of
high rank with prescribed cohomology over a regular local ring.

INTRODUCTION

The study of indecomposable finite modules over Artinian rings was extended
in recent years to the study of indecomposable maximal Cohen-Macaulay mod-
ules over Cohen-Macaulay local rings (see, e.g., [2, 4, 9, 12, 19, 27, 32]). So rep-
resentation theory has achieved a remarkable progress in the attempt to general-
ize the methods and results known for Artinian rings to higher dimensional local
rings. It is very natural to consider the class of maximal Cohen-Macaulay mod-
ules in higher dimensions, because from a homological point of view, maximal
Cohen-Macaulay modules correspond best to finite modules over Artinian local
rings, and also the class of maximal Cohen-Macaulay modules is small enough
in order to obtain finite representation type for interesting classes of Cohen-
Macaulay local rings. On the other hand, Goto has shown [13-15] that the
representation theory of the somewhat larger class of Buchsbaum modules also
yields very satisfactory results. In particular he has shown (cf. [13, (3.1)]) that
the only indecomposable Buchbaum modules over a regular local ring (4, m, k)
are just the syzygy-modules of &, and this implies that a regular local ring is of
finite Buchsbaum representation type.

The category of Buchsbaum modules is contained in the larger category of
the so-called generalized Cohen-Macaulay modules. Let (4, m, k) be a Cohen-
Macaulay local ring. A finite 4-module M is a generalized Cohen-Macaulay
module if there exists an integer ¢ such that m’H: (M) = 0 for i # dimM ,
Hi (M) denoting the ith local cohomology module of M .

We denote by %;(A4) the full subcategory of the category all finite 4-modules
M satisfying m'Hi (M) =0 for i # dimA, and set B (A4) = U,5(%(4). It is
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clear that % (A) contains all maximal generalized Cohen-Macaulay A4-modules,
but also any A4-module of finite length. Though we are mainly interested in
modules of maximal dimension it turns out to be more natural to add the mod-
ules of finite length to the category % (A4) as well. Indeed, if A4 is regular, then
% (A) is exactly the category of finite 4-modules which are locally free on the
punctured spectrum of 4 (including those of rank 0). Note that the sheafica-
tion of such a module defines a vector bundle on the punctured spectrum of 4.
One central problem in the theory of bundles is to find bundles of low rank. We
refer to [11] for a survey of the algebraic aspects of this problem. In this paper
we are concerned with the opposite problem of finding indecomposable vector
bundles of high rank but with prescribed cohomology. Another reason to add
modules of finite length to &(A) is that several functors we are considering
(e.g., the Auslander-Bridger dual) are only defined in #(4).

Note that the category of maximal Buchsbaum modules is a subcategory of
%1(A), the category of quasi-Buchsbaum modules (QB-modules for short) of
maximal dimension or of dimension zero. The first part of the paper is mainly
concerned with the study of &(A4) if A is a regular local ring.

In dimension < 2 all QB-modules in #%(A4) are actually Buchsbaum except
one module E which is defined by the (unique) nontrivial extension

0-k—-E-m-—0

if dimA = 2. Quite contrary to the result of Goto we show however that A4 is
of infinite QB-representation type, provided dim 4 > 2. Even more is true: The
category % (A) satisfies the second Brauer-Thrall conjecture, that is, if % (4)
is not of finite representation type (this is the case if dimA4 > 2), then there
exists a strictly increasing sequence (¢;) of positive integers such that for all i
there are infinitely many isomorphism classes of indecomposable QB-modules
of rank ¢;. Note that the first Brauer-Thrall conjecture, which only predicts
the existence of indecomposable modules of arbitrary high rank, is trivial for
the category Z(A). Indeed, the rank of the second syzygy module Q2?(A/m')
(which is indecomposable) is increasing with 7, but Q?(4/m) € G(A)\%-1(4);
and so for a fixed ¢ one has to resort to a less obvious method of constructing
indecomposable modules of higher rank in %(4).

It seems to us that the sequence (Ao, ..., hy_;) of integers attached with a
module M € %(4), h; = dim; H. (M) for 1 <i<d, is an even more signifi-
cant invariant of M as its rank. In this paper we call a sequence (kg, ..., Ag_1)
admissible if there exists an indecomposable module M € % (4) with h; =
dimy H: (M) . At this moment it is a mystery to us which sequences are admis-
sible. If all #; = 0 except one, say A;, then h; = 1. This is easy to see, and
shown in Proposition 2.2. The next case is when exactly two A; do not vanish.
The subcase in which h; = 0 for i # 0, d — 1 is exceptionally, see 2.3(b).
Otherwise it suffices to consider the case when h; # 0, j > 1,and all 4; =0
for i # 1, j as shown in 2.8. We then define a functor from the category & of
these modules to the category mod(B) of finite modules over a certain Artinian
local ring (B, n) with n? = 0. This functor establishes a bijection between the
indecomposable modules in ./ and mod(B), and it turns out that under this
bijection the modules with invariants 4; and 4; correspond to modules over
B whose minimal number of generators is /#; and whose socle dimension is
h; (cf. Theorem 2.13). Thus our problem of determining all admissible se-
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quences (hy, ..., hy_y) with h; #0 for i # 1, j boils down to determining
all pairs of numbers (u(M), r(M)), M indecomposable, where u resp. r de-
note the minimal number of generators resp. the type of M . We do not have
a general answer to this problem, but it can be easily shown that 4 and r may
exceed any given pair of numbers. This result suggests the following conjecture:
Let d > 2; then for any given sequence of numbers (A, ..., hy_;) there ex-
ists an indecomposable module M € %(A4) such that dim; Hi(M) > h; for
1<i<d.

In the second part of the paper we employ the theory of reduction ideals to
study maximal generalized Cohen-Macaulay modules over Cohen-Macaulay lo-
cal rings, a method which was successfully introduced by Dieterich and Yoshino
in order to prove the first Brauer-Thrall conjecture for maximal Cohen-Macaulay
modules. This technique works very well for the category of maximal Cohen-
Macaulay modules over a Cohen-Macaulay local ring 4 with isolated singularity
(see, [9, 24, 25, 32]), the proof using the following facts:

(1) the existence of a reduction ideal (a power m” of m) which allows to em-
bed (by base change) the set of isomorphism classes of indecomposable maximal
Cohen-Macaulay A-modules in the set of isomorphism classes of indecompos-
able 4/m"-modules (this line parallels to Maranda’s approach for lattices over
orders and allows to show a Harada-Sai Lemma for maximal Cohen-Macaulay
modules),

(2) the existence of Auslander-Reiten sequences in the category of maximal
Cohen-Macaulay A-modules (cf. {2]).

We are able to extend partly these methods to generalized Cohen-Macaulay
modules. Actually we prove (1) (see 3.15) for the category %(a, 4) of mod-
ules M satisfying o' H. (M) = 0 for i # dimA, if A is a reduced excellent
Henselian local ring containing a field, and the residue class field k of A is
either perfect or finite over k? if chark = p > 0. Also our Corollary 3.20 gives
a form of the Harada-Sai Lemma for a suitable subcategory of %;(4). Unfortu-
nately we cannot prove (2)—the existence of Auslander-Reiten sequences—for
this category of modules. However as a consequence of our results we deduce
" that the a-adic completion induces a bijection between the indecomposable
modules in %(a, 4) and the indecomposable modules in %;(ad’, A') where
A’ denotes the a-adic completion of 4.

1. GENERALIZED COHEN-MACAULAY MODULES OVER REGULAR RINGS

The aim of this section is to give some preliminaries on generalized Cohen-
Macaulay modules. We start with some results concerning ideals annihilating
Ext as, e.g., 1.2 and 1.6 which will be useful in the last section. We also include
here some simple facts concerning duality of generalized Cohen-Macaulay mod-
ules over regular local rings.

Let (4, m, k) be a Cohen-Macaulay local ring of dimension d and a C
A a proper ideal. Given a positive integer ¢, let %(a, 4) be the class of
finite 4-modules E such that o'Hi(E) =0 for all i # d. Then %(a, A) =
Usen &i(a, A) is exactly the class of all modules which are maximal Cohen-
Macaulay on the open set D(a) of all prime ideals of 4 which do not contain
a. If Regd = {q € SpecA4: A, is regular} is open (for example if 4 is an
isolated singularity or is excellent) then the modules in &(a, A) are free on
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the open set D(a) NRegA. If a = m, we write %(A4) (resp. % (A4)) instead
of Zi(m, A) (resp. F(m, A)). F(A) is the full subcategory of the category
Z of all generalized Cohen-Macaulay A-modules which are either of maximal
dimension or of dimension 0. Note further that %y(4) is the category of
maximal Cohen-Macaulay modules, and that %;(A4) is a full subcategory of the
category of quasi-Buchsbaum (shortly QB) A-modules. Again &(4) contains
exactly the QB-modules which are of dimension d or 0. It is worthwhile to
mention that % (A4) is exactly the class of finite 4-modules which are free on
the punctured spectrum if A4 is an isolated singularity.

For the rest of this section we assume that (4, m, k) is regular. Let I(k)
be the injective hull of k. For any 4-module N we denote by N’ the module
Homy,(N, I(k)) and by N the m-adic completion of N . Then by local duality
we have

Hi(E) = Ext’(E, A) and Exti™(E, A)~ =~ H.(E),
for any finite 4-module E. In particular, a finite 4-module E belongs to
i(a, A) if and only if o’ Exty(E, 4) =0 for i >1.
Note that Ext,(E, 4) is of finite length for all modules E € #(4) and all
i > 0, which implies that Ext,(E, 4)~ = Ext,(E, A) in this range.

Lemma 1.1. Let R be a Noetherian ring, b C R an ideal, and M a finite
R-module such that bExtg(M,R) = 0 for all i > 1. Then for every finite
R-module N with r = projdim N < co we have

(1) b+ Exthi(M, N)=0 foralli>1.

Proof. Let N be as above. We will use induction on r = projdimN. If
r =0 then N is a direct summand of a free module, and the assertion follows
from the hypothesis. Suppose that r > 1. Consider an exact sequence of
finite R-modules 0 - N’ - F — N — 0, where F is a free R-module and
projdim N’ = r — 1. We get the following exact sequence:

(2) Exth(M, F) — Exth(M, N) — Ext{ (M, N).

Since by assumption we have bExta(M, F) =0, b, Ext}(M , Ny =0 for
all i > 1, the conclusion follows from (2). O

Corollary 1.2. Let t be a positive integer and E € %;(a, A). Then
a’@*+VExt'(E, N)=0
Jorall i > 1 and every finite A-module N (A is regular!).
Lemma 1.3. Let R be a Noetherian ring and b C R an ideal such that
bExth(M, Q' (M)) =0,
where Qi(M) denotes the ith syzygy module of M . Then
b TorX(M,N)=0

for all R-modules N .
Proof. Let

0-Q M -FLM-0
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be the exact sequence defining Q!(M), F being a free finite R-module. Then
we get the following exact sequence
0 — Homg(M , Q!(M)) — Homgp(M , F)
L, Homg(M, M) — Exty(M, Q'(M)).

Let u e b. We have u Homg(M, M) C Im f*, and so there exists g,: M — F
such that

(2) f8u=uidy.

Apply Torf(—, N) to (1) for an R-module N . It follows that TorX(uids, N)
factorizes through Torf(F, N) = 0. Then TorR(uidy, N) = 0, and so
uTorf(M,N)=0. O

Lemma 1.4. Let R be a Noetherian ring, b, c C R two ideals, M a finite R-
module and y an element from R which is not a zero-divisor on R/c. Suppose
that

(1) bTorX(M, N)=0
Jor all R-module N. Then for all i > 1 we have
(eM:y)p C(cM:b)yy={z€M:bzCcM}.
Proof. By hypothesis we have the exact sequence
0— R/c % R/c — R/(c, ') — 0.
Tensorizing the exact sequence with M we get the following exact sequence

TorR(M, R/(c, ') — M/cM % M/cM.

Using (1) it follows that b(cM: y')yy C c¢M, and this is what we wanted to
show. O

Remark 1.5. Certainly our lemma is not too far from the results concerning
weak sequences (see, e.g., [8, (3.3)] or [30, Proposition 13, p. 257]).

Proposition 1.6. Let R be a Noetherian ring, b, ¢ C R two ideals, % any class
of finite R-modules and y an element of Radb. Suppose that

(1) bExth(M, N)=0

Jor every R-module M € % and every finite R-module N . Then there exists a
positive integer e such that

(cM:y*)m = (cM:y+)y
Jor every R-module M € % .

Proof. First we suppose that y is not a zero-divisoron R/c. Let e be a positive
integer such that y¢ € b; then e works. Indeed, let M be from % . By Lemma
1.3 and Lemma 1.4 we get

(cM:y' )y C (cM:b)y,

because of (1). Since y® € b it follows that
(eM:b)p C(cM:y*)um,
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and so
(eM:y" )y =(cM:y)u
forall i>e.

Suppose now that y is a zero-divisor on R/c. As R is Noetherian we have
(c: y*)r = (c: ySt1)r for a certain s € N. Then y is not a zero-divisor on R/d
for o = (c: y*)r. Let €' be given as above for o. Then e = e’ + s works.
Indeed, let M bein € and z € M an element such that y¢tl'z € <M C
M . As above we get y¢'z € oM, and so y°z € cM. Thus (cM: yetl)y C
(¢M: y®)u , the other inequality being trivial. O

Corollary 1.7. Let t be a positive integer, ¢ C A a proper ideal and y an element
of Rada. Then there exists a positive integer e such that

(¢cE:y*)g = (¢cE: y**')g
for all A-modules E € &(a, A).

Now we are going to study how local cohomology behaves under certain
duality operators, and assume for the rest of the section that d > 2, a=m and
E is an A-module of the category %;(4). Then HE(E) is a finite Artinian A-
module for 0 < i < d, and we set h;(E) = [(H:(E)). Let E* = Homy(E, A)
be the A-dual of E.

The following result can be found in [11]. For the reader’s convenience we
give its proof here.

Proposition 1.8. The A-dual E* of E satisfies:
(a) HL(E*)=0 for i=0,1.
(b) (Duality) H}Y(E*) = HE-YE) for 0<i<d-2.
In particular

hi(E*)={0 ifi=0o0r1,

ha_i1(E) if2<i<d.

Proof. Since depth E* > 2, (a) follows.
(b) Let
F.:O—»Fp?ﬂ =1 —>~~-ﬁ>Fo—>0
be a minimal free resolution of E, and let F.* be the dual complex. Then
H i(F.*) ~ Exty(E, A) & H4~/(E)" by local duality. Hence it suffices to show
that Hit!1(E*) = H'(F*) for 1 <i<d-2. Weset Z;_; =Kerd}, Bi=Imo; .
Clearly we have
(1) Zy=FE*, ‘
(2) for 0 <i<p the sequence 0 — B, —» Z; — H'(F.*) — 0 is exact,
(3) for 0 <i<p the sequence 0 — Z; — F* — B — 0 is exact.
Since H(F.*) has finite length (E € %(4)) we have HL(H!(F.*)) =0 for
j > 0. Note that depthB; > 1 and depthZ; > 2. Using these facts and the
exact sequences (2), the long exact cohomology sequence yields

(4) H(F*)= H.(B;) fori>0 and HL(Z;) = H.(B;)

for i>0, j>2.
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Since H,{(F;) =0 for j < d, the long exact cohomology sequence derived
from (3) gives
(5) H}(Biy1) = HPN(Z))

for j<d-2.
Now (4) and (5) yield the required isomorphism. Indeed, let 1 <i<d-2.
Then

H'(F.*) = Hy(B;) = Hy(Zi-1) = Ha(Bi1) - = Hy(B1) = Hit ' (Zo)
and the assertion follows from (1). O

Remark 1.9. Let X = SpecA\{m} and & = E the bundle on X associated to
E. One may assume that E is reflexive since E = E**. Then H(X,&)~
HIY(E) when i >0, and 1.8(b) yields the duality

H(X,&)=HI- (X, &Y,
(dimX =d - 1).
Corollary 1.10. If E € %,(A) then E* € €(A).

Corollary 1.11. If E is not free then depthE + depthE* <d + 1.

Proof. We may assume that 2 < depthE = s < d since E is not free. Using
1.8(b) we get

(1) Hi~*!(E*) = Hy(E)'.

Since for a finite A-module N one has depth N = min{j: HL(N) # 0} it
follows from (1) that HS(E) # 0, and so depthE*<d—-s+1. O

The modules E for which the inequality 1.11 becomes an equality will be
characterized in the next proposition. We set E; = Qi(k) for 1 < i < d.
According to a theorem of Goto [13, (3.1)], these modules are the only maximal
indecomposable Buchsbaum A4-modules.

Proposition 1.12. Suppose that E is a nonfree QB-module. The following con-
ditions are equivalent:
(a) depthE +depthE*=d +1.
(b) depthE >0 and Hi(E)=0 for i#d, i # depthE.
(c) There exist a free A- module F and positive integers r and j such that
E~E/oF.

Proof . (a) = (b). Weset s =depthE =d +1—depthE* > 0. Assume that

HY(E)#0 for u#d,s. We have s<u<a’ since s = min{j: H}(E) # 0}.
Thus duality implies Hé-*t!(E*) = H4(E) #0 (u > 2), and so depth E* <
d—u+1. It follows that

depthE* +depthE<d —u+1+s<d+1,

which contradicts (a).
(b) = (a). Since s > 0, duality implies depth E* =d — s+ 1, as required.
(c) = (b). Clearly we may assume that F =0 and r=1. As E; = Q/(k),
it follows that H (E,) = HL/ (k) for i < d, hence the conclusion.




114 MIHAI CIPU, JURGEN HERZOG, AND DORIN POPESCU
(b) = (c). Let
O—-F; —---oF—->FE—-0
be a minimal free resolution of E. Then
Ext‘~(E, 4) = H.(E)' =0
for i #d, i #s by our assumption. Thus our condition implies that
(1) O—-E"-F - —=F;_ -0

is acyclic. Hence if Extf,"(E, A) = k" for a certain r > 1, then E*

Qi-s(k")y @ F* 2 E}__@ F* for some free A-module F. In case E is re-
flexive it follows that

ExE"=(E} ) ®F"=E/aF.
If E is not reflexive, then s = 1, and (1) implies that E* is free. In 1.19 we
will show that there exists an exact sequence
0-E—-SE*>k"-0

for some r > 1. Since E** is free, it follows that £ = m" @ F for some free
A-module F. O

Note that the equivalence of (b) and (c) also follows from a more general
result of Stiickrad and Vogel [29, Corollary 1.1] and Goto’s theorem.

Let R be a Noetherian ring and M a finite R-module with the following
minimal presentation:

FRYLFR-M-o.

The module D(M) = Coker ¢* is called the Auslander-Bridger dual or the trans-
pose of M (see, e.g., [3, 7, (16.E)]). Clearly, D(D(M)) = M .
Lemma 1.13. D(M) has no free nonzero direct summands.
Proof. We have the following exact sequence:
(1) 0— M*— F; % Ff % D(M) — 0.
Dualizing (1) we get

0— D(M)* X Fre & By,
If L is a free direct summand of D(M) then there exist two R-linear maps
p:D(M)— L and u: L — D(M) such that pu = id, . Clearly we can lift u to
an R-linear map u': L — F} such that nu' = u. Thus u*(pn)* =id;., and
so L* is a direct summand of F;** which is contained in Ker¢**. Note that

Ker¢** C mF** because ¢ (and so ¢**) is minimal. But (0) is the only direct
summand of F** contained in mF**, andso L*=0. Hence L=0. O

Remark 1.14. Note that in (1) the map 7= induces an isomorphism F{*/mF* —
D(M)/mD(M) since Im¢* C mF;". Thus we have

u(D(M)) = rank F' = rank F; = u(Q'(M)),

where u(N) denotes the minimal number of a system of generators of N. In
particular, D(M) = 0 if and only if M is free.
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Proposition 1.15. M is indecomposable if and only if D(M) is indecomposable.
Proof. If D(M) = G@ H is a decomposition of D(M) then M = D(D(M)) =
D(G) @ D(H), and so D(G) = 0 or D(H) = 0. Hence G or H is free by
1.14. But D(M) has no free nonzero direct summands by 1.13. Thus G =0
or H=0, and so D(M) is indecomposable. To prove the converse one uses
again the isomorphism M = D(D(M)). O

Proposition 1.16 ([3] or [7, (16.32)]). There exists an exact sequence

0 — Extk(D(M), R) - M — M** — Extk(D(M), R) — 0.

Combining 1.16 and 1.8 we obtain another duality theorem.
Corollary 1.17. Suppose d > 2; then
H!(D(E)) = H"YE) for0<i<d.
Proof. Consider the exact sequence
(1) 0— E* = F¢ % F' — D(E) — .
Let i <d — 3. Using duality and (1) we get
H:\(D(E)) = Hi*(E*) = HI-"\(E)'.

To obtain the result for i =d — 1 and i = d - 2, we split the exact sequence
1.16 (where M is replaced by E) into short exact sequences

(2) 0 — Exty(D(E), A) > E—- U -0,

(3) 0— U — E* - Ext}(D(E), 4) — 0.

As d > 2, we have depth E** > 2 and depth U > 1. So the sequence (2) yields
4) Exty(D(E), 4) = Hy (Exty(D(E), 4)) = Hy(E),

and

(5) Hy(E) = Hy(U),

because the kernel of E — E** has finite length, E being free on the punctured
spectrum. Similarly the sequence (3) yields

(6) Ext(D(E), A) = Hy (Exty(D(E), 4)) = Hy(U).

The assertion follows now from (4)-(6) using Grothendieck’s local duality the-
orem. O

Corollary 1.18. Let M be a finite A-module. Then M € %;(A) if and only if
D(M) € Z(A).

Corollary 1.19. Let E € %,(A). There exists an exact sequence
0—-k¥>E—-E"*—>k"—0.
If depthE =1 (resp. >2) then u=0 (resp. u=r=0).

For the proof apply 1.16 with M = E , Grothendieck’s local duality theorem
and 1.18.

2. INDECOMPOSABLE QUASI-BUCHSBAUM MODULES

In this section we assume that (4, m, k) is a regular Henselian local ring of
dimension 4 > 2. Note that the local cohomology modules H,(E), 0<i<d,
of a module E € % (A4) are k-vector spaces, and we set A;(E) = dimy HL(E).
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Definition 2.1. A sequence (hg, ..., hy_;) of nonnegative integers is called ad-
missible if there exists an indecomposable nonfree module E € % (4) with
h,'(E)=h,' for 0<i<d.

Our results from §1 yield the following

Proposition 2.2. (a) The sequence (0,...,0, h;, 0, ..., 0) is admissible if and
only if hj =1.
() If (ho, ..., hy_y) is admissible then (hy_,, ..., ho) is admissible as well.

(a) is a consequence of 1.12, and (b) follows from 1.15 and 1.17.
The following theorem is one of the main results of this section and a first
attempt to throw some light on admissible sequences.

Theorem 2.3. (a) Given integers o, B > 0 and integers 0< i< j<d, d >3,
with i # 0 or j #d — 1, there exists an admissible sequence (hg, ..., hg_;)
with h; > a, h]Zﬂ

(b) (a,0,...,0, B) is admissible if and only if a = =1.

For the proof of 2.3 we need some preparations.

Lemma 2.4. Let M be a finite A-module, and j > 1 the smallest integer for
which HS~J(M) # 0. Suppose that M has no free direct summands and Q¢(M)
is indecomposable for a certain e with 0 < e < j. Then Q! (M) is indecompos-
able for all i < j.

Proof. We first note that all Q/(M), 0<i < j, have no free direct summands
(by assumption this holds for i = 0). Indeed, if 0 < i < j then there is an
exact sequence

(1) 0-QMIEFLQ (M) -0
with F free and Im ¢ C mF . The dual sequence
) 0— Qi-I(M)* & F* £ Qi(M)* — 0

is exact since Extl(Qi~!(M), A) = Ext,(M, A) & H?~{(M)' = 0 by assump-
tion.

Now assume that L # 0 is a free direct summand of Q/(M). Then L* is
a free direct summand of Q/(M)*, and there exists a surjection 7: Q!(M)* —
L*. The composition m#g*: F* — L* is split surjective since L* is free.
It follows that ¢n*: L — F is split injective, contradicting our assumption
Img Cc mF. Note that we have also proved here that Q/(M)* has no free
direct summands.

Next we show by induction on r that Q¢~"(M), 0 <r < e, is indecompos-
able. For r = 0 this holds by the hypothesis. Now let 0 < r < e, and assume
that Q¢~"(M) = G ® H is a decomposition. Then Q¢~-D(M) = QI(G) @
Q!(H) is indecomposable by the induction hypothesis, and so Q!(G) = 0 or
Q!(H) = 0. Hence either G or H is free, and so either G =0 or H = 0 since
Qe=(r=1)(M) has no free direct summands.

Finally we show by induction on s that Q¢+(M), 0 < s < j—e, is inde-
composable. This is true for s = 0. Let 0 <s < j—e. For i = e+ s the
sequence (2) becomes

(3) 0— Qe+x—l(M)* 'IL: F* ﬂ Q€+S(M)* - 0.
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We have Im y* ¢ mF* since otherwise Q¢+*~1(M)* would have a free direct
summand. It follows that Qe+s—1(M)* = Q!(Q¢+5(M)*), and we conclude as
before that Q¢**(M)* is indecomposable. O

Definition 2.5. Let M be a finite 4-module with depth M > 1. Then we define
negative syzygies of M as follows. First we choose a minimal free presentation

0- QM) SFSM -0

of M*. Then the composed map M = M** & F* gives a monomorphism
from M into a free module (the canonical homomorphism into the bidual is a
monomorphism since depth M > 1). We set Q~!(M) = Coker(¢*w). Then:
(a) M is free if and only if Q~'(M)=0,
(b) QY (M, @ M) = Q' (M,) ® Q" 1(M;) for every decomposition M =
M oM.

Lemma 2.6. Suppose that E € %,(A) has no free direct summands. If depth E >
1, then:

(a) QUQYE)=E.
(b) There exists an exact sequence

0— HL(E) —» Q" Y(E) —» Q(E*)* — H(E) — O.

(€) Hyp'(QY(E)) = Hy(E) for 0<i<d-2.
(d) Ho(Q Y(E))=HZ'(E) for 0<i<d-2.

Proof. (a) We only have to show that Im(e*w) C mF*. Suppose this inclusion
does not hold. Then there exists a projection n: F* — A4 such that ne*w is
surjective, and so A is a direct summand of E, a contradiction.

(b) The exact sequence 2.5 gives the following exact sequence

0— E™ 5 F* % QYE*)* — Exty(E*, 4) — 0.
By 1.8(b) and Grothendieck’s local duality it follows that
ExtY(E*, 4) = (Hi-Y(E*))' = H(E),

and so we get the following exact sequences

(1) 0—E™*S F* —Imu* —0,
(2) 0 - Imu* — Q'(E*)* —» HA(E) — 0.

Clearly there exists an A-linearmap v: Q~!(E) — Imu* such that the following
diagram commutes:
0 — E YR & QYE) - 0
w | ) I Lo
0 - E* 5 F* - Imuwt — 0
Applying the Snake Lemma to the above diagram we get Cokerw = Kerwv.
From 1.16, local duality and 1.17 we get

Cokerw = Ext}(D(E), A) 2 HY%(D(E))' = H\(E),

and so Kerv & H!(E). The assertion follows now from (2). O
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Lemma 2.7. Suppose that E € &(A) has no free direct summands, depthE > 1
and d > 3. Then the following statements hold:
(a) Ha~'(Q7'(E))=0.
(b) Q7UE) e Bi(4).
(c) If E* is not free, then E is indecomposable if and only if Q~'(E) is
indecomposable.

Proof. (a) By 2.6(b) we have the following exact sequence:
0— Hy(E) - Q'(E) - Q'(E*)" — HL(E) - 0

which yields the following exact sequences

(1) 0— Hy(E) - Q(E)~ T -0,

and

(2) 0T — QYE*)* — HA(E) — 0.

Applying the local cohomology functor we get the following exact sequences:
(3) HI~'(HL(E)) —» HEN(Q™Y(E)) —» HE\(T),

and

4) HG 2 (HZ(E)) — Hy~\(T) — Ha ' (QUE™)").

Since E € % (A) we get H. (H.(E)) =0 for j <d and i > 0, and so the left
ends are zero in (3) and (4) (d > 3). On the other hand we have

H~ (QE")") = Ho “"P(Q!(E")) = Hy(E*) =0,

see 1.8, and 2.6(c). Thus from (4) we get HZ~!(T) = 0. Now our assertion
follows from (3).

(b) follows from (a) and 2.6(d).

(c) Let N =Q~'(E). If N is decomposable then E = Q!(N) (see 2.6(a))
is also decomposable. Conversely, suppose that N is indecomposable. From
(a) and (b) we conclude that N € % (4) and HZ"!(N)=0. Let j > 1 be the
smallest integer for which H,‘,{"(N ) # 0. Then j > 2, and applying Lemma
2.4 for e =0 we get that E = Q!(N) indecomposable. O

Corollary 2.8 (The shifting of admissible sequences). (ho, ki, ..., hg_2,0) is
an admissible sequence, if and only if (0, hy, hy, ..., hy_,) is an admissible
sequence.

Proof. Let E € % (A) be indecomposable such that A;(E) = h; for 0 < i <
d—1 and h;_; = 0. We may assume tht E is not free. The previous results
imply that Q!(E) yields the admissible sequence (0, Ay, Ay, ..., hg—3). The
converse is proved similarly applying Q! to E. O

Lemma 2.9. Let (a, B) be a pair of positive integers, and j an integer with
l<j<d.
(a) Given an indecomposable maximal QB A-module U such that

a ifi=1,
hi(U)={/3 ifi=j,

0 otherwise,




INDECOMPOSABLE GENERALIZED COHEN-MACAULAY MODULES 119

there exists an exact sequence
0—+U—>Ef—->k"-—>0.

(b) Given an indecomposable maximal QB A-module E such that

a ifi=0,
hi(E) = { B ifi=],
0 otherwise,
there exists an exact sequence
0—>k°’—+E—>Ef—>O.
Proof. (a) By 1.19 we have an exact sequence
0-U—-U"-k*->0

(depthU = 1). Noting that depth U** > 2, the long exact cohomology se-
quence of the above sequence yields A = o and h;(U**) = Bd;;, where J;;
denotes the Kronecker symbol. Thus it follows from 1.12 that U** & Ef oF,
where F is free. If F # 0, the module U splits off a direct summand. Indeed,
then there exists a split surjection n: U** — 4 and we have n(U) D m since
U D mU** (see the above exact sequence). If n(U) = 4 then 7 induces a split
surjection U — A. Otherwise 7 induces a surjection p: U — m. Since the
section of # maps m in mU** C U, it follows that p splits too. But U is
indecomposable and so we have either U 2 4 or U = m. Both cases cannot
happen because h;(U) = f > 0. Hence U** = Ef.

(b) Since HY(E) = k>, we get the following exact sequence:
0-k*—>E—-E=E/H%E)—0

which gives
0 fori=0,

H.(E) = :
n(E) { Hi(E) fori>0.

Hence h;(E) = fd;j,andso E = EfeaF by 1.12 for a certain free A-module
F . Since E is indecomposable it follows that F =0, and so E = Ef . O

A first application of the shifting property of admissible sequences is the
folllowing:

Corollary 2.10. Let (a, B) be a pair of positive integers and let j be an integer
with 1 < j < d. The following statements are equivalent:
(a) There exists an exact sequence

0—->U—>Ef—>k"—>0,

where U is indecomposable.
(b) There exists an exact sequence

0 k*—E—Ef -0,

where E is indecomposable.

The corollary follows from 2.8 and 2.9.
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Proof of 2.3(b). If (a,0,...,0, B) is an admissible sequence then there exists
an exact sequence
(1) 0—k*—E—E} -0,

where E is indecomposable (see 2.9(b)).
Let K. be the Koszul complex of a regular system of parameters of 4, then

(2) 0Ky 2Ky 5 Eq -0,

is the minimal free resolution of E;_,. Note that k® maps into mE because
otherwise k is a direct summand of E as shown in the next remark. But E is
indecomposable.

Remark 2.11. Let x € E\mE be an element such that Anngyx = m. Then
k = Ax is a direct summand of E. Indeed, choose a system of elements
Yy =,-...,ps) of E such that {x, y} induces a basis in E/mE. Then
Ax + Ay = E, and if z € AxN Ay, then z = ix = Y}_, w;y; for some
elements A, u; € A. Since {x, y} induces a basisin E/mE we get A, u; €m,
andso z=0.

Continuing with the proof of 2.3(b), we note that the identity map of Eg_l
can be lifted to a morphism of complexes as shown in the following diagram:

B
0 - k2 KL, LB - 0

vl ol I
0 - k* - E - Eg_l - 0

where the upper row is a direct sum of S-copies of (2) and the bottom row
is the exact sequence (1). Since k* maps into mE the maps ¢ and y are
necessarily surjective. Thus g > o since K; & A. Then by 2.2 we have a >
too,and so a=f.

Now note that Kery = mK 5 . Applying the Snake Lemma to the above
diagram, it follows that 8# induces an isomorphism Ker¢ = Kery, and so
we get an exact sequence

0— mKy)? ' k8 %L E o0,
where u denotes the inclusion mK; C K;. Thus E = T# where T =
Cokerdu, and since E is indecomposable it follows that a = # = 1. Con-
versely, we claim that T is an indecomposable of module % (4) with

1 fori=1,d-1
h. T — b b
() { 0 otherwise.
Indeed, by definition we have the following exact sequences:
(3) 0-E =m>mK; %K, ,-»T—0,
(4) 0—-k=K;/mK; —» T — Cokerd =E;_; — 0.

If T has a free direct summand then so does E;_;, a contradiction. If T =
Gao H is a decomposition of T, then as in the proof of 2.4 we get from (3) that
E, = QYT) = Q1(G)® Q!(H) and so Q'(G) =0 or Q!(H) =0, E; being
indecomposable. Thus G or H is free, and this is not possible as seen above.




INDECOMPOSABLE GENERALIZED COHEN-MACAULAY MODULES 121

The other statements follow easily from (3) and (4). Thus (1,0,...,0, 1) is
admissible. O

In view of 2.8 and 2.10, Theorem 2.3(a) follows immediately from

Proposition 2.12. For all integers a, b > 0 and all integers j suchthat 1< j <
d, there exist two integers a > a, B > b and an exact sequence

0— U—*Ef—»k“—»O,
where U is indecomposable.

The proposition in turn is an immediate consequence of the next theorem.

We introduce a few notations. Let 1 < j < d be an integer and denote by
& the full additive subcategory of % (A4) whose objects U # 0 have no direct
summands isomorphic to m or % and satisfy 4;(U) # 0 and A;(U) =0 for
i#1,j,d. Let B be the trivial algebra extension (Nagata extension principle)
of k by E; = E;/mE;. Note that B = k x E; is an Artinian local ring with
n=0x+E; as maximal ideal. We have n? =0 and ¢ = embdim B = dim; E; .
Let mod(B) be the category of finite B-modules. If M € n»~4(B) then r(M)
denotes the type (the socle dimension) of M and u(M) = uimy M/nM the
minimal number of generators of M .

Theorem 2.13. There is an additive functor F: & — mod(B) inducing a bi-
Jection between the isomorphism classes of indecomposable modules of &/ and
mod(B). Moreover, if M = F(U), U € &, is indecomposable and M % k,
then

u(M) = hj(U) and r(M)=hy(U).

Let us first show how Proposition 2.12 follows from Theorem 2.13. With
the help of the preceding theorem the statement of 2.12 can be translated as
follows:

“Given integers a, b > 0, there exists an indecomposable B-module M
with u(M)>b and r(M)>a.”

We will prove this well-known fact (which also follows directly from the first
Brauer-Thrall conjecture valid for all Artinian rings) by constructing a series of
indecomposable B-modules (M;);cy such that

(%) U(Miy) > u(M;), r(Mi)>r(M;), and u(M;)>r(M;)
forall i > 1. Let M, = wp be the canonical module of B. We have u(wsg) =
e, rlwg)=1.
Suppose that M;, ..., M; have already been constructed. Then we set
M;,; = Homg(D(M;), wB) which is the Auslander-Reiten translation of M;.
By 1.15 the module D(M;) is indecomposable, and so M;,; is indecomposable
too. Note further that for an arbitrary indecomposable B-module N # 0,

(1) W(D(N)) = eu(N) —r(N) if N¢k,

(2) r(D(N)) = (e — )u(N) —er(N) if N#k, D(k),
3) u(Homp(N, wp)) = r(N),

4) r(Homg(N, wp)) = u(N).

Indeed, consider the exact sequence
(5) 0— QYN)— B*N) - N - 0.
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B has a structure of graded ring: By =k, B, =n,and B, =0 for i > 1.
Since Q!(N) c nB*™) and n? = 0, the exact sequence (5) induces a natural

gradingon N: Ny = BE™ = k#™) and Ny = B¥™ /QI(N) = n#M) /QY(N)
Notice that u(N) = dimy Ny, and that
r(N) = u(Ny) = ep(N) — dimy Q'(N) = ep(N) — u(D(N)),
provided N 2 k, and N is indecomposable. (If there would exist a socle
element in N it would split off: see 2.11). Hence we have proved formula (1).
Replacing N by D(N) in (1) we get

#(N) = u(D(D(N))) = eu(D(N)) — r(D(N)) = e’ u(N) — er(N) — r(D(N)),
1.e., (2) holds. The equalities (3), (4) are well known (see, e.g., [18]). The
formulas (1)-(4) yield

H(Miy) = (62 = Du(M;) —er(M;),  r(Miyy) = en(M;) — r(M;).
Since e > 3 (because d > 3), these equalities imply the inequalities (x).

For the proof of Theorem 2.13 we will need the following result.
Proposition 2.14. For all integers j the image of the canonical map End4(E;) —
End,(E;), E; = E;/mE;, consists only of maps which are defined by scalar
multiplication.

Proof. We may assume that 1 < j < d. As before we denote by K . the Koszul
complex of a regular system of parameters of 4. Then

0, 9;
0——-)Kd—£)Kd_1—>~'~—> j+1 E)lK]—e)Ej—)O

is a minimal free A-resolution of E;. Let ¢ € End4(E;); then there exists a

morphism ¢.: K. — K. of complexes extending ¢ . Since Exti,(E i, A)=0 for
i #d — j, we get after dualizing a commutative diagram

- ar o*
0 - E; S K &5 K; - k - 0
ol o7l o5 |
* e * 6!-'“ 2 *
0 - Ef - K -5 K - k - 0

with exact rows. But ¢} induces an endomorphism of k which is induced by a
multiplication u,: k — k for a certain a € 4. It follows that the two complex
homomorphisms

0o - E £ Kk Yo% ks S0
ua Ll o* ua Ll o7 ua Ll 0]
. ar a
0 - E; LN K; L4 K, -0

are homotopic. Let us say f. is the homotopy. Then we have
f_‘f+la;+] + 8*_[]' = (0; — Ua.
Dualizing we obtain the equation
Qj— Ma =01 S + fieE
The map fe: K; — Kj is the dual of &*f;: K; — K} whose image lies in

mK7 . It follows that Im(f/¢) C mK;. Also Im(9;+1/7,,) C mK; because
Im9j;; C mK;. Hence Im(p; — u;) C mK;, and so Im(¢ — ;) CmE;. O
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Proof of Theorem 2.13. Let U be an object of & with 4 (U) = a and h;(U) =
B . By 1.19 (see the proof of 2.9) there exists an exact sequence

0-U%Ef -k -0,

where uy is the composed map U LAY Ef , u' being canonically given,
and yy being a certain isomorphism which we will fix now for every U. Our
functor F will depend on the choice of the isomorphisms (yy). Note that

Imuy O mEf , and so there is a natural embedding
(1) V(U) =Imuy/mE? c B?,

and we set F(U) = B#/V(U). Then u(F(U))= B since V(U) C nB#, and if
F(U) is indecomposable and F(U) % k, then

r(F(U)) = ep — dimy V(U) = dimy E? / Imuy = dim; k* = o.
This proves the second part of the theorem.

Let ¢: Uy — U, be a morphism in &, yy,: U — Ebi = 1,2, the

_] b
given isomorphism. Clearly the homomorphism y = yy,¢** vy, ! makes the

following diagram commutative:

u 4 ES
0l Ly
U, - FE B
uuz J
This diagram induces a commutative diagram
V( U, ) — nBA
7l lv

V(U;) — nBh.

We claim that ¥ can be canonically extended to a B-linear map y: Bfi — BB .
Indeed, y is given by a matrix (y; ,), 1 <A< B, 1 <v < B, of elements
from EndE; in the following way:

B
(2) w(zi,...,z8)= (Z V/AV(ZA)) .
1<v<py

=1

But modulo m the endomorphism y;, is a multiplication of E; by an element
a,, € A (see Proposition 2.14). Thus ¥ is given by the matrix (@;,), @;, being
the residue class of a;, . Clearly the map y: Bf' — B given by (@,,) is an
extension of ¥. In particular, ¥ induces a morphism ¢’: F(U;) — F(U,)
and we set F(p)=¢’.

It is obvious that F is indeed an additive functor. In the next step we show
that F induces a bijection between the isomorphism classes of the modules of
& and of the finite B-modules.

Surjectivity. For a given M € mod B we choose a minimal presentation

(3) 0-V->Bf s M—0.
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Then V C Ef /mEf . Let U be the preimage of V' under the canonical epi-
morphism Ef — Ef /mE}9 . Then F(U) £ M (the isomorphism depends on
wu and on (3)).

Injectivity. Let U’ € & be another module with F(U') @ M = F(U).
Choose an isomorphism #’: F(U) — F(U’). Then there exist two homomor-
phisms #: B — B, p: V(U) — V(U’) such that the following diagram

0 - V(U - Bf - FU) - 0
7l il L
0 - V(U) - B2 - FU) - 0
is commutative. Since B/n® fj = B/n® ' is an isomorphism, Nakayama’s
Lemma implies that # is surjective. But then it follows that both # and » are
isomorphisms. The above diagram induces the following commutative diagram:
U/mEf — nBf
7l l7
U'/mE! — nBf
because V' (U) C nB#. Since # is given by an invertible matrix @ with coeffi-
cients in B and nB? is a k-vector space it follows that 7 is given by a matrix

a which is induced by @ modulo n. Let a = (a;,) be an invertible matrix
over A lifting @ and 75: Ef - Ef the A-linear map given by

B
'I(Zl 3 ey Zﬂ) = (Za,h/zl)
A=1

Then 7 is an isomorphism lifting 7 with n(U)=U',ie., U2 U’'.

It remains to show that M = F(U) is indecomposable if and only if U
is indecomposable. Since F is additive, U is indecomposable if M is so.
Conversely, suppose that M is decomposable say M = M, ® M, with M; #0,
i=1,2. Choose U; € & with F(U;)) = M;. Then U; #0, i =1, 2, and
F(U,® Uy) 2 M. By the above “injectivity” it follows that U = U, & U, , and
so U is decomposable. 0O

1<v<B

Before we can get the first corollary of 2.13 we need the following result about
indecomposable B-modules.

Lemma 2.15. Let o, B be two positive integers such that there exists an inde-
composable B-module M with u(M) =8, r(M)=a. Then

(@) M=B ifandonlyif ef =a.

(b) M= wp ifand only if ea = .

(c) M =T =D(k) ifand only if (2 - 1)B = ea.

(d) M =T =Homg(T, wp) ifand only if (e —1)a=ef.

(e) M is not isomorphic with any module of {B, wg, T, T'} if and only

if (e2-1)a>ef, (e2-1)f > ea.

Proof. In this proof we will refer to the formulas (1)-(4) in the proof of Propo-
sition 2.13. (a) M = B if and only if D(M) =0, i.e., if and only if u(D(M)) =
ef —a=0 (see (1)).

(c)If M= D(k),then f=¢ and a =e? -1, and so (2 -1)f =ea. If
M %k, D(k), then by (2) we have r(D(M)) = (e2 - 1) —ea > 0.




INDECOMPOSABLE GENERALIZED COHEN-MACAULAY MODULES 125

Similarly we get (b) and (d) from (a) and (c) using (3) and (4). If M is not
isomorphic with any module of {B, wg, T, T'}, then r(D(M)) = (e —1)8 —
ea >0, and r(D(Homg(M , wg))) = (2 — 1)a—ef >0 by (2) and (4). O
Corollary 2.16. Let (o, B) be a pair of positive integers, i and j integers such
that 0 < i< j<d, and (i,j) # (0,d — 1). Suppose that the sequence

h=(hgy,..., hg_y) with
a fordA=1i,
h1={ﬂ Jora=j,

0 otherwise,
is admissible, and let F = {(1, e), (e, 1), (e,e2—1), (€2 -1, e)}, where

o 4
“\i-i+t)

Then, either (o, B) € F in which case there exists (up to an isomorphism) a
unique indecomposable U € %,(A) with hy(U) = hy, forall 4, or else (e*—1)a >
ef,and (2 -1)B > ea.

Proof. By the Shifting Lemma we may assume that 4 = o, h; = f, s =
j—i+1,and A, =0 for A #1,s. Now it is enough to apply 2.13 and 2.15 to
B = k*E;. Note also that in 2.15(c) we have u(T)=e and r(T) =e?—1. O

Corollary 2.17. If d = 2, then the only indecomposable maximal QB-modules

are m, A, and E, the unique module determined by the nonsplit extension
0—-k—-E—->m—0.

Proof. The only admissible sequences are (0, 1), (1, 0), and (1, 1) by 2.2(a)

and 2.3(b). But (1, 0) corresponds to k which is not maximal. We are left to

show that E is unique up to an isomorphism. This is clear since Extl, (m, k) =

k. O

Corollary 2.18. (a) If d = 3, then E, is the only maximal nonfree indecompos-
able QB-module which is reflexive.

(b) If d > 3, there exist maximal indecomposable reflexive QB-modules of
arbitrarily high rank.

Proof. (a) If E is a maximal indecomposable reflexive QB module then A (E)
=h;(E)=0. Soonly h(E) is possibly different from zero. If 4,(E) =0 then
E=A,if h)(E) #0 then hy(E)=1 and E = E; by 2.2(a).

(b) Pick j, 1< j<d-1,and a, f for which there exists an indecompos-
able maximal QB module U such that

a fori=1,
h(U) = { B fori=j,
0 otherwise.
Then there exists an exact sequence

0—»U—>Ef—>k°‘—>0
by 2.9, and so

j—1

rank(U) = B rank(E;) = § (d - 1)
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and
r; « _ (4
w(U) > u(EY) — u(k*) = j B —c.
Hence
rank Q! (U) = u(U) - rank(U) > (d J_ 1)/3 —o.

We have depth Q!(U) = 2 since depthU = 1. Applying 2.4 for U with e =0
we get Q!(U) is indecomposable because H2~!(U) = 0. By 2.13 and by (2),
(4) in the proof of 2.12, we may assume that f > a and « is arbitrarily large.

Hence 1 i-ny, i-1y
rankQ(U)2< j )/)’ aZ(( i ) l>a. 0

Using a result from representation theory of Artinian algebras, statement (b)
of the preceding corollary can be strengthened essentially.

Corollary 2.19. The category %,(A) satisfies the second Brauer-Thrall conjecture;
that is, if 1(A) is of infinite representation type (which is the case for dim A >
2), then there exists a strictly increasing sequence (t;) of integers such that for
all i € N the set of isomorphism classes of indecomposable modules of rank t;
is infinite.

Proof. 1t is known that the Artinian algebra B (as any other finite-dimensional
algebra) satisfies the second Brauer-Thrall conjecture, cf. [22 and 28]. Here, of
course, one has to replace “rank” by “length”. So let (¢;) be a strictly increasing
sequence of integers for which there exist infinitely many isomorphism classes
of indecomposable B-modules of length ¢;. For each i there exist only #; — 1
pairs of positive integers (a, f) with a + f =t¢;. From this we conclude that
there is a sequence of pairs of integers (a;, f;) such that for all i there exist
infinitely many isomorphism classes of modules M € mod B with u(M) = ;
and r(M) = a;. Note that lim;,_ . a; = co and lim;_, ., f; = oo because of
2.15(e). As in the proof of the preceding corollary it follows now that the rank
of the modules N € & (see 2.13) with h;(N) = o; and hj(N) = B; tends to
infinity with i — oco. Hence the conclusion follows from 2.13. O

Remark 2.20. (a) The cardinality of the set of isomorphism classes of inde-
composable modules E € % (A4) for which just two integers of the sequence
h(E) = (hi(E))o<i<q are nonzero depends only on 4 and k, as follows from
2.13 and the proof of 2.3. But by 2.2(a) there exist only d isomorphism classes
of indecomposable modules E € %(A4) for which just one integer of A(E) in
nonzero. In particular, the cardinality of these last isomorphism classes depends
onlyon d.

(b) Theorem 2.13 shows how important it is to know all indecomposable
modules over our Artinian local ring (B, n). In the following we present an
idea for a computational approach. Let s;, s, be two nonnegative integers,
B1, B2 two positive integers such that s; < ef;, e = dimgn, B = B, + B>,
s=s1+5,and z; = (z3,1,...,2;.4), | <A <s, some elements of nB?
which are k-linearly independent. Then the B-module M = B/ ;_ Bz,
has a decomposition M = M, & M, with u(M;) = B;, r(M;) = ef; — s;,
i =1, 2, if and only if there exist two invertible square matrices H;, H, with
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coefficients in k such that

G, 0
mei= |G 4]

where G, is a s; x f;-matrix with entriesin n, i = 1,2. Let e = 3, and
Y1, Y2, ¥3 abasis of n. Then, for example, the following matrices define inde-
composable modules:

O )1 0

Y1 n 0 no 0 ﬁ Y1 y 0

n1l,  Duwal, , s |2 oy, s ¥z N
Y2 Y2 3 y3 )2 0

Y3 )2 0 2
Y3 0

V3

3. REDUCTION IDEALS FOR GENERALIZED COHEN-MACAULAY MODULES

We assume in this section that (A4, m, k) is a local Cohen-Macaulay ring of
dimension d whose regular locus RegA is open, a C A is a proper ideal and
t is a nonnegative integer.

Definition 3.1. A proper ideal b C A is a %,(a, A)-reduction ideal if the follow-
ing statements hold:

(a) A module M € %(a, A) is indecomposable if and only if M/bM is
indecomposable.

(b) Two indecomposable modules M, N € %(a, A) are isomorphic if and
only if M/bM and N/bN are isomorphic over A4/b.

The ideal
Sd)= (] q,
g€Sing A
where SingA = Spec A\ RegA, defines the nonregular locus of A4, that is,
V(H(A)) = SpecA\RegA. The aim of this section is to show that in spe-
cial situations a power of a.%(A4) is a %(a, 4)-reduction ideal.

Definition 3.2. Let b C 4 be a proper ideal. The couple (4, b) is a %(a, A)-
approximation if there exists a function v: N — N, v > idy, such that for
all s € N, all modules M, N € %(a, A) and every A-linear map ¢: M —
N/b*©)N there exists an A-linear map y: M — N such that the following
diagram commutes:

M % N/prON

vl !

N — N/nb°N.
In other words A/b°®,4 ¥ =X A/ Q4 9.

The importance of this concept is given by the following

Lemma 3.3. Let b C A be a proper ideal. Suppose that A is Henselian and
(A, b) is a %(a, A)-approximation. Then there exists a positive integer u € N
such that b* is a %(a, A)-reduction ideal.

The proof is given in [24, (4.5), and (4.6)] (the arguments there apply to any
class of modules); we note here only that if v is the function associated to
(A4, b), then we may choose u =v(1).
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Proposition 3.4. Suppose that A satisfies the following bound condition:
(Q4) There exists a positive integer r such that

(a55(A)) Exty (M, W) =0

Jor all modules M € %(a, A) and all finite A-modules W .
Then (A, a %(A)) is a % (a, A)-approximation.

This proposition follows from our next lemma which is stronger as is needed
for the proof of 3.4 but suits better for induction.

Lemma 3.5. Suppose that A satisfies (Q,), and let ¢ C a %(A), 0 C A be
two ideals. Then there exists a function v: N — N, v > idy, such that for
all s € N, all modules M, N € %,(a, A) and all homomorphisms ¢: M —
N/(d, /O))N, there is a homomorphism w: M — N/ON such that the following
diagram commutes:

M 4 N/@®, )N

vl !

N/oN — N/(v, ¢)N.

Proof. By (Q,) there is a positive integer r € N such that

(1) ¢ Exti(M, W) =0

for every module M € %(a, A) and every finite A-module W . Let y;, ..., Vu
be a system of generators of ¢ and apply induction on u. If u =1, we apply
1.6. Then there exists a positive integer e such that

(2) (N :Y)n =N : yethy
for all modules N € %(a, A). We need the following result (cf. [25, (2.1)]).

Lemma 3.6. Let R be a Noetherian ring, P, T two finite R-modules, x € R an
element such that x Exty(P, T') = 0 for every factor R-module T' of T, w a
positive integer such that ((0) : x¥)r = ((0) : x**!)r, and s € N. Then for every
R-linear map u: P — T/xV**!'T there exists an R-linear map p: P — T such
that R/x*R® p = R/XRe u.

We may choose the function v: N — N, v(s) = r(e + s + 1). Indeed, let
M, N € %(a, A) and ¢: M — N/(0, y'l’(s))N be an A-linear map. Applying
the above lemma for P=M, T=N/oN, x =y, w=e,and u=¢ we get
v (by (1), (2) the numbers r and w do not depend on M, N).

Now suppose that u > 1. By the induction hypothesis there exists a function
vV':N->N for ¢ =(y;,...,y,—1) and 0. For a positive integer s consider the
function v”: N — N given as above for . = (9, (¢)*®)) c 4 and y,. Then
the function v: N — N given by v(s) = v'(s) + v/'(s) works. Indeed, let M,
N be two modules of %(a, A) and ¢: M — N/(d, ¢/®))N an A-linear map.
As ¢/®) ¢ ((¢)'®, y,'f" ,(5)) , by the property of v/’ there exists an A-linear map
¢': M — N/o.N such that the following diagram commutes:

M % N/, )N — N/@,, v N
o' | l
N/, ()N S N/oN - N/(o, y3)N.
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Moreover, there exists by the property of v’ an A-linear map y: M — N/oN
such that 4/c" @ ¥ = A/ ® ¢’. In particular, 4/c° @ ¥ = A/¢° @ ¢’ because
¢’ C ¢, and using the above diagram we get A/c°®¢’ = 4/c°®¢ , asrequired. O
Remark 3.7. The condition (£,) corresponds to the condition [25, (1.1)(1)]
and the above condition (2) corresponds to the condition [25, (1.1)(2)]. The
arguments in 1.6 may be adopted to prove the implication (1) = (2) in (1.1)
of [25]. This fact would simplify the presentation of [25].

Theorem 3.8. Suppose that A is Henselian and satisfies (Q,). Then there exists
a positive integer u such that (a %(A))* is a %/(a, A)-reduction ideal.

The proof follows from 3.4 and 3.3.

Corollary 3.9. Suppose that A is a Henselian regular local ring. Then a power
of a is a B (a, A)-reduction ideal.

Note that A satisfies (Q,) by 1.2. Hence the proof follows.

Next we are concerned with finding large classes of local rings 4 which satisfy
(9Q4) . We recall that given a finite ring homomorphism u: B — A4, the Noether
different 9,5 is defined by

Nqp = p(((0): Kerp)agya),
where p: AQp A — A is the map given by x ® x’ — xx’.
Lemma 3.10. Let (B, n) C (A, m) be a finite extension of local rings, Ny the
Noether different of A over B, and b = an B. Suppose that B is regular and
let 6 =1+d. Then
b0, Exty(M, N) =0
Jorall M € &(a, A) and all finite A-modules N .

Proof. Let M, N be given as in the lemma. Then o'Hi (M) =0 for i #d.
Since H},(M) = Hi(M) weget b'H:(M) =0 for i #d. But (B, n) is regular,
and so by local duality we get b’ Extz(M, B) =0 for every i > 0. In particular
it follows from 1.2 that

(1) b Exty(M, P) =0

for every finite B-module P.
Let K = Q'(M) and let L = A*™)_ There exists an exact sequence

Then we get the following exact sequences of B-modules:

(2) 0 — E' = Homg(M, N) > E = Homg(L, N) & D > 0,
(3) 0— D% E" =Homg(K, N),

where D denotes the image of @ = Homg(w, N), and h, g are given by w
in an obvious way.
Consider the commutative diagram

0 — E' 3 E LN D -0

o' | ol Lo
0 — Homp(A4,E') — Hompg(A4,E) — Homg(4,E"),
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where 9”: E” — Homg(A4, E") is given by 8”(f)(x) = xf — fx for fe€ E",
x € A and 9, 9’ are defined similarly. (The map fx: K — N is given
by z — f(xz) and xf is given by z — xf(z).) Clearly the above diagram
commutes and its rows are exact. Since Kerd’ = Hom,(M, N) we get by the
Snake Lemma the following exact sequence:

0 — Homy(M, N) % Homy(L, N) % Dy = DnKerd” — Cokerd'.

The last map actually has its image in the Hochschild cohomology module
H}(A, E') c Cokerd’ (see, e.g., [23, (11.2), (10.4)]). But we have

Ny pHp(A, P)=0
for every A-bimodule P (see, e.g., [32, (2.2)], or [24, (2.12)]). Therefore
(4) ‘JIA/BDO cImhb'.

On the other hand, from (1)-(3) we get that b E” C D. Since H3(4, -) isa
linear functor it follows that

(5) b Hom,(K , N) = b HY(A, E") C HY(A, D) = D.
Combining (4) and (5) we get
b*N4 5 Homy(K, N) C ImA'.
As Imh’' = Im(Hom,(w, N)), the lemma follows. O

Theorem 3.11. Suppose that A is a reduced complete ring with perfect residue
field k. If A contains a field then A satisfies (Q,).

For the proof of this theorem we shall need the following lemma.

Lemma 3.12. Suppose that A contains its residue field k , and let q € Reg A be
such that q 2 a. Then there exists a system of parameters x, of A such that
the ideals M 4i(x,; and bq = aNK[[x4]] are not contained in q.

Proof. We choose first a system of elements y, in q which form a regular
system of parameters in 4,. By [33, (6.10)] or [24, (2.7)], y, can be completed
to a system of parameters x, of 4 such that 9N,z ¢ q, where Rq = k[[x,]].
In order to have b, ¢ q we will choose y, more carefully, namely such that

(1) height(a, y4) > u = heightq.

Let p;, ..., ps be the minimal prime overideals of a of height < u. If
s = 0 then height a > u and there is nothing to prove. Otherwise, we have
qzp; forall 1 <i<s because q 4 a. Then

g b= (Um) U (q°4q N 4)

i=1
(see, e.g., [21, Example (1.6)]) and we may choose an element y, in q\b.
Clearly y; can be completed to a system of elements y, which form a regular
system of parameters in 4, and (yq) ¢ U;_, p;. Thus (1) holds.
It is enough to see that (1) implies

(2) height(b, , yq)Rq >




INDECOMPOSABLE GENERALIZED COHEN-MACAULAY MODULES 131

because then height(b,, y4)4 > u (see, e.g., [20, (13.B)], the map R; — 4
being flat), and so b, ¢ q since (yq) C q. Let p| be a prime overideal of
(bg, ¥q)Rq and p’, a minimal prime overideal of b, contained in p}. Choose
a minimal prime overideal p, of a lying over ), the map R; — A being finite.
By the going-up theorem there exists a prime ideal p; D p, of A4 lying over p).
We have height p; > u by (1) because p; D (a, yq). Then heightp} > u since
R, — A is flat and finite. Hence (2) holds. O

Proof of Theorem 3.11. Let x = (x1, ..., xz) be a system of parameters of A4
and 6 = 1 +d . By Cohen’s Structure Theorem, A contains k, and is a finite
extension of the regular local ring R(x) = k[[x]]. Consider the ideal

c= Y (bg)°Nyrixy)

q€D(a.%(4))
of A, where x, is given as in Lemma 3.12. By 3.10 we have
(1) cExti(M,N)=0

for all M € %(a, A) and all finite 4A-modules N. Using 3.12 we conclude
that ¢ is not contained in any prime ideal q € D(a%(A4)) = Spec A\V (a.%(4)) .
Then every prime ideal containing ¢ must contain also a.%(A4). Thus Radc¢ D
a%(A), and so (a%(A))" C ¢ for a certain r € N. Hence (Q,) holds by
(1). O

With the help of the following lemma and some techniques related to formally
smooth algebras we can generalize 3.11.

Lemma 3.13. Let A be the completion of A with respect to m and suppose that
the canonical map A — A is regular (i.e., its fibers are geometrically regular).
If A satisfies (Q_ ;) then A satisfies (Qa).

Proof. SinceAA — A is regular we get fs(/f) = Rad(Jﬁ(A)AA) (cf., e.g., [20,
(33.B)]). If A4 satisfies (Q_ ;) then there is a positive integer r such that

(1) (a55(4)) Ext(M’, N') C o’ F(A) Exti(M', N') = 0

for all modules M’ e %(aAA /T) and all finite A-modules N’. We cla1m that
r works also for 4. Let M € %(a, A) N be a finite A-module and M =
A®4M, N=A®,N. Then a’H‘ A(M) =a'H.(M)=0 for i #d , and so M

belongs to %(aA R A) . Since the completlon map is faithfully flat, (1) implies
that
(a.%(A4)) Exty(M, N)=0. O

Theorem 3.14. Suppose that A is a reduced excellent ring containing a field and
its residue field k is perfect or finite over kP if chark = p > 0. Then A satisfies
(Qa).

Proof. By 3.13 it is enough to treat the case where A4 is complete. If k is perfect
then 3.11 gives the result. Suppose now that k is not perfect, but [k: kP] < co.
Thus p >0 and K = k'/?” is a perfect field with

e = rankg I'g/x = rank; Qi /o = [k : k]
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(see, e.g., [24, (4.4)]), [k being the imperfection module of K over k and
Q. /k» being the module of differentials of k over k”. The complete ring A4 is
a factor of a regular local ring (R, n), let ussay 4=~ R/b, u =dimR. By [16,
(22.2.6)] there exists a formally smooth Noetherian (it follows regular) complete
local R-algebra (R’,n’) such that R'/n’ & K and dimR’ = u +e. Then
A" = R'/bR’ is a formally smooth Noetherian complete local A4-algebra, and
so (4", m'), m’ =n'/b, is a reduced Cohen-Macaulay local ring and .%(4’) D
F(A)A" (the structural morphism A4 — A’ is regular, 4 being excellent (see,
e.g., [1], or [5] and [6])). As A’ satisfies (Q,4 ) there exists r € N such that

(1) (aS5(A)) Extly (M, N) C (a%5(4")) Extly (M, N) =0

forall M € %/(ad’, A') and any finite 4’-module N . We claim that the same
r works also for 4. Let M € %(a, A), N be a finite 4-module and set
M=4,M, NN=A®,N. We have a'H! (M) for i # d, and by local
duality we get a’Ext4 (M, R) = 0 for i # d. Since R’ is flat over R it
follows that af Extﬁ?" (M',R") =0 for i # d, and using again local duality
we get a’H/,(M") =0 for j # e +u, thatis M’ € Z(ad’, A'). Now (1) and
faithful flatness implies that

(aF(A)) Exty (M, N)=0. O

Theorem 3.15. Suppose that (A, m, k) is either (a) a Henselian regular local
ring, or (b) a reduced excellent Henselian ring containing a field, and that k
is perfect or finite over kP if chark = p > 0. Then a power of a%(A) is a
% (a, A)-reduction ideal.

For the proof apply 3.8, 3.9, and 3.14.
As a first application of our reduction theory we present

Corollary 3.16. Suppose that A is a reduced excellent Henselian ring contain-
ing a field, and that k is perfect or finite over kP of chark = p > 0. Let
A’ be the completion of A with respect to a.%(A), and let 1% (a, A) (resp.
IZ (aA', A')) be the set of isomorphism classes of indecomposable modules of
&(a, A) (resp. €(ad', A')). Then the base change functor A' ® 4 — induces a
bijection 1€ (a, A) — 1% (ad', A').

Proof. Since A is excellent the canonical map 4 — A’ is regular, cf. [1] or
[5] and [6]. Therefore A’ is a reduced Cohen-Macaulay ring and %(4') =
Rad(#4(A4)A4") (see, e.g., [20, (33.B)]).

Let M be an indecomposable module #(a, A) which belongs to %(a, 4)
for some u € N. According to the above theorem, the ideal b = (a.%(A4))" isa
%.(a, A)-reduction ideal for a certain r € N, and so 4/b®4 M is indecompos-
able asan A4/b = A’'/bA’-module. This means that 4A'®4M/b(A'®4 M) is inde-
composable, whence A’'®4 M is indecomposable by Nakayama’s Lemma. Thus
the base change functor 4’ ® 4 — defines a map ¢: IZ(a, A) - I (ad’, A').

Now we show that ¢ is one-to-one. Let M, N be two indecomposable
modules of #(a, 4) such that 4’ ®4 M = A’ ®4 N . We can choose an integer
u' € N such that M, N both belong to %, (a, A). As above, a certain power
b of a%(A) isa &, (a, A)-reduction ideal. Then from

M/b/MgAI®A M/b,(A/®A M)EA/®A N/bI(AI®A N)EN/b,N
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we get M = N because b’ is a reduction ideal.

Finally, let M’ € €(ad’, A'). Then M’ islocally free on Spec A'\V (a.%(A4"))
and there exists a finite 4-module M which is locally free on Spec A\ V (a.%(A4))
such that A'®4M = M’ (see [10, Theorem 3]). It is clear that M € & (ad’, 4'),
and if M’ is indecomposable then M 1is too by faithful flatness, i.e., ¢ is sur-
jective. O

Remark 3.17. Using Artin approximation theory (e.g., applying [25, (3.6)]) we
immediately get the above result for all excellent Henselian Cohen-Macaulay
local rings, i.e., under weaker conditions as in 3.15(b).

Corollary 3.18. Suppose that A is either (a) Henselian regular, or (b) reduced
excellent Henselian with isolated singularity, containing a field, and that k is
perfect or finite over kP if chark =p > 0. Then a power of m is a E,(A)-
reduction ideal. Moreover, zf A is the completion of A with respect 1o m, then
the base change functor A ®,4 — induces a bijection IZ(A) — IZ(A), where
IZ(A) (resp. I® (A)) denotes the set of isomorphism classes of indecomposable
modules of €(A) (resp. Z(A)).

Let b C A be a parameter ideal, M an A-module and e(b; M) the multi-
plicity of M relative to b. By [8, (3.7)] (see also [31]) the difference

I(b; M)=I(M/bM)—e(b; M)
is bounded by the integer

Qd-1\,,
100 = (7))
i=0
for all parameter ideals b of A. Let h = (hy,..., hy_;) be a sequence
of nonnegative integers and #(h, 4) the class of modules M € #(4) with
[(HE(M)) < h; for 0<i<d.

Lemma 3.19. Under the hypotheses of the above corollary there exists a parameter
ideal b of A such that

(a) M/bM is indecomposable over A/b for every indecomposable module
of €(h, A),

(b) two indecomposable modules M, N € € (h, A) are isomorphic if M/bM
and N/bN are isomorphic,

(c) I(MJ6oM) <e(b; M)+ uy for all module M € €(h, A), where

d—1
Uy, = Z (d i l)hi.

i=0

Proof. There is a positive integer s such that &(h, 4) C %;(4). By 3.18 a
power m” of m is a %;(A4)-reduction ideal. Choose a parameter ideal b C m".
Then b is still a %;(A)-reduction ideal, and so (a), (b) hold. Certainly (c)
follows from the above formula for I(M), because I(b; M) < I(M) < uy for
al Me&h,A). O

The following corollary is a form of the Harada-Sai Lemma [17] for the
category %(h, A) (see also [32, (3.1)], [33, (6.20)], [24, (5.2)], [26, (1.9)]).
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Corollary 3.20 (Harada-Sai Lemma for generalized Cohen-Macaulay modules).
With the hypotheses and notations of the above lemma there is a function
p: N — N\{0} with the following property: Let s >0 be an integer and

91 92 Po(s)
My—> M = .- "> Mp(s)

a sequence of p(s)-homomorphisms ¢; in € (h, A) which are not isomorphisms
and such that for all i the module M; is indecomposable and e(m; M;) < s.
Then

Im(?p(s) ~epp) C mMp(s)-
Proof. Let b be the parameter ideal given by 3.19 and v a positive integer such
that m? C b. We claim that the function p given by p(s) = 2%, w = v¥s+u,
has the required property. Indeed, given M;, ¢; as in our corollary we get

e(b; M;) <e(m’; M;) = vie(M;) < vis

by [21, (14.4), (14.3)], and so [(M;/bM;) < p(s) by 3.19(c). Note that M; =
A/b®M; are indecomposable and §; = 4/b;®¢; are not isomorphisms because
of 3.19(a), (b). Then it is enough to apply the Harada-Sai Lemma [17] to (M),
(p;). O

NOTE ADDED IN PROOF

Our Remark 2.20(b) says that the problem of finding pairs («, ) such that
there exists an indecomposable B-module M with u(M) = B, r(M) = «
is equivalent with classifying (ef — o) x f-matrices L = (/;;) of linear poly-

nomials /;; = ¥°5_, af;)X, over k := B/n in the indeterminates X, ..., X,
e = embdim B up to conjugation by elements from GL(k, ef—a)xGL(k, B)°
(i.e., the classification of e-tuples of linear maps given by (al(.j.)) ,t=1,...,¢e),

and finding the sizes of the indecomposables under this classification.

As the second author learned from Bautista in a conference (Mexico, January
20-26, 1991) this was already done by V. Kac (Invent. Math. 56 (1980), 57-96,
§2) or C. M. Ringel (J. Algebra 41 (1976), 269-302, Theorem 3), and so there
exist indecomposable B-modules M with u(M) = g, r(M) = o if and only
if o2+ B? —eaf <1 with exactly one module M for each a, B satisfying the
equality, and otherwise infinitely many M for each solution a, §, provided
k is infinite. Thus our Theorem 2.13 together with 2.8 and 2.3(b) gives all
admissible sequences (hg, ..., hy_;) with just two nonzero integers.

After the submission of this article, the authors became aware of two papers:
M. Amasaki, Maximal quasi Buchsbaum graded modules over polynomial rings
with #{i: H. (M) # 0, i < dim R} < 2 (abstract), and Y. Yoshino, Maximal
Buchsbaum modules of finite projective dimension (preprint (1991). Using a
completely different technique, Amasaki proves a result similar to our Theorem
2.3, whereas Yoshino extended it to the case when A is Gorenstein.
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